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Abstract

The maximum entropy method, originally developed for astronomical image restoration, has already been
successfully applied to a variety of biophysical problems. Through numerical inverse Laplace transformation, the
method determines the lifetime distribution function with the largest informational entropy. Starting from a flat
distribution, it results in the consistent selection of a single distribution from the numerous possible ones that correctly
fit the data. In this paper, we discuss the application of the method to kinetic processes that have both rise and decay
components, and test the algorithm with different signal to noise ratio generated data. It is proved that the mass
conservation constraint can be taken into account by reducing the search to a lower dimensional subspace. The effect
of noise on the width of lifetime distribution is studied and it is shown that an inherent entropy connected to the
underlying kinetics can be separated from the noise generated entropy. The possibility of the application of the
method to the photocycle kinetics of bacteriorhodopsin is also shown.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction Another problem is that the number of discrete

exponentials used for fitting the observed data has

In consequence of the complexity of the struc- to be estimated. In order to estimate the number

ture and function of even the smallest prOteinS, of the necessary exponentials, an assumption has
discrete exponentials are in many cases inadequateo be made about the way the kinetics appear. In
to describe the observed kinetics in protein related consequence, the fitting function contains kinetic
processes. The complexity and nonlinearity of model dependent information. This characteristic
these reactions necessarily cause lifetime widening of the discrete analysis makes it difficult to draw
that restricts the use of the discrete exponential gppropriate conclusions about the underlying kinet-

analysis[1,2]. ics [3].

— _ Finally, within the discrete exponential analysis
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data. However, the larger the number of the dis- algorithms described earli¢t,5,6,13 are not able
crete exponentials, the less is the misfit which to cope with. Our first aim is to expand the general
property poses difficulty in choosing the correct algorithm described by Skilling and Bryd®] to
realistic kinetic model[4]. empower it to handle this new constraint. Within
The basic idea behind maximum entropy method this analysis we make a simplifying assumption:
(MEM) is that an entropy function can be defined we assume that the rise and decay parts of the
on a set of positive numbers. If these numbers distribution are separated on the lifetime scale.
approximate the observed data, then maximizing This restricts the possible application of the pre-
this entropy subject to the minimum misfit con- sented MEM analysis.
straint will give a single image from the numerous  With the operational algorithm, we constructed
images that may correctly fit the data. It is believed a set of different signal-to-noise ratio generated
that this image will not have any structural infor- data that corresponded to the above restriction
mation that could be regarded as an effect of noise condition. This set of data made it possible to
and no additional a priori information is necessary check the operation of the algorithm and study the
about the underlying structufé]. effect of noise and distribution width on the results.
Although the MEM was originally developed Finally, we checked the operation of the algorithm
for astronomical image restoratiofb,6 it has on bacteriorhodopsin(BR) M state (410 nm
already been successfully used in a variety of absorption kinetic data. All the tests gave a satis-
fields involving time resolved fluorescence spec- factory result.
troscopy[2,7,4, ligand rebinding rate determina- In this paper, we report the result of the exten-
tion [1,9], X- and y-ray crystallography{10,11, sion of MEM for absorption kinetic analysis. The
neutron scatteringl2] and several other fields. In  application for the analysis of the BR photocycle
the case of kinetic rate analysis, the distribution of is under way and the result of this analysis will
the rate coefficients and the appropriate time func- be published elsewhere.
tions are connected through Laplace transforma-
tion. The entropy function (Shannon—Jaynes 2. Maximum entropy method
informational entropy is defined over the rate
coefficients and the misfit constraint is the*- In the simplest possible case, the time course of
statistics which measures how well the Laplace an absorption kinetic rate process can be repre-
transformed rate coefficients fit the observed data sented by the following function:
[1,2,4. The MEM gives a way to directlymodel

independently determine the probable rate con- A(t)=f(e "/"2—e~"/"y (D
stant distribution of the processes under examina-
tion. The observed featuredpeak number, This function describes a rate process of a single

-position or -wideniny can then be interpreted rise lifetime 7,, decay lifetimer, and amplitude

and distinction be made between possible kinetic f. If the rate process becomes more complex both

models[1]. the rise and the decay will be described by
However, in all of the above applications, the distributions:

implemented MEM algorithms have only three

constraints: positivity and maximum entropy of ”

the underlyinpg funct%/ons and minimum mist)i)t/ of A(’):f f(z)e/"dlogr)

the noisy data. The problem where we wanted to °.

apply MEM is more complex. In absorption kinetic _f F(t)e /~dlogt) (2)

measurements, the rate distribution shows not only 0

decay but also an increasing component, and the

overall integral of the rise and decay parts of the  Here f(7) is the decay and’(t) is the rise

distribution must be equal in some cases. This distribution coefficients(amplitude3. The distri-

additional restriction poses a problem which the butions are defined on a logarithmic time scale
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since the rate processes may stretch several order®f the measured and calculated data is equal to the
of magnitude in the lifetime scale. The numerical average noise. Decreasitgbelow 1 results in a
approximation of this integral also requires a time fit to the noise on the underlying data. For exper-
constant space with logarithmically uniformly imental datas; are usually not known. In that case
spaced intervals. In this approximation the discre- instead of theC =1 criterion, iterations are finished
tized distributions at a givery, time are the  where least-square deviations do not change essen-
following: tially with further iterations.
The distributions built up with the resulting
., . . Y f1.» humbers must also correspond to maximum
Aj=— if e+ Y fer (3) entropy. Entropy, however, can be defined in sev-
o1 P eral ways. In other applications of MEM it was
reported that several different definitions of entro-
f, are a set of positive numbers, the discretized PY could almost equally well be usd8§,13. We
lifetime distribution coefficients of an absorption Mention here two definitions. The Shannon infor-
kinetic rate process. They represent two continuous Mational entropy{14-14 is given by the follow-
smooth functions, the risdi=1...n;) and the Ing relation:
decay(i=n,+1...n) processes. Thg amplitudes

and the resulting time functi_on are connected S=—ip,-|n(p,:), wherep,:,{—i (5)
through a Laplace transformatiofiNote that any = Y f,

sign is not included in the distribution since the =

f; must be positive numbers in order to get a

simple entropy function definitioh.We have to Skilling and Bryan[5] used another definition:
emphasize here that accepting E&) a strong

limitation is introduced on a possible time function n

A(1): we assume that the underlying kinetics allows $=— Zfi[ln(fi/A) —1] (6)

the separation of the rise and decay parts on the i=1

lifetime scale. For a more general case this restric- i i ) _
tion in Eq. (3) has to be lifted. However, in this where A is a user-defined value. This definition

paper we apply the MEM analysis mostly for has some advantage in the realization of the MEM

generated data where the separation is fulfiled. ~ &!gorithm (see later. _

In any real observation the data are noisy. This _ Although Eq.(6) was applicable to our problem,
means that there cannot be a complete agreementt turned out that we could not give any physical
between the calculated smooth time functi@y. ~ Meaning toA and the result depended on it. We
(3)) and the obtained datg, , should satisfy a  decided to use the strict form given by EG),
condition of minimum misfit. The misfit can be Where S depends only onf; and there is no
defined as the ratio of the averaged squared dif- additional parameter. o .
ference of the measured and calculated data and The maximum entropy criterion requires to
the square of the standard deviation for ttle select a solutior(f;) which maximizesS subject

data point; to C<Cyaim vv_here Caimz_l as a good fit criterign.
If a Lagrangian multiplierx is set up the solution

w (D,—A)? will lie at the extremum ofQ=aS—C for some

C= 1 y Al (4) appropriate value of. The problem is solved by
m = o? an iterative algorithm. Starting with a uniform

(f;=constant distribution a solution is approached
HereD, ,, are the data observed at time points after some iterations varying the parameter.
t1._., respectively andr; is the standard deviation However, the space in which one has to find the
for the jth data point.C=1 is obviously a good solution is n-dimensional. Instead of using this
fit criterion in which case the average difference huge spacgn may be several hundrgdkilling
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and Bryan [5] suggested the use of a small
subspace for the search of the maximum @f
The very effective algorithm of Skilling and Bryan
has two essential elements: an entropy metric is
introduced in the lifetime distributioiamplitude
space and a low dimensional subspace is used for
iterations. Three sophisticated search directions—
defining the subspace—can capture the structure
of the maximum entropy problem:

el(i)=§7si ez(i)=3—;
" VS), (VO
esD)= Zafaf,( vs| \VCIJ @

The S and C functions are approximated by
guadratic forms around the last iterated point
(729 in the amplitude space:

1
a8 92S
where S;=— S, = 8
af Y afiaff ( )

(and a corresponding expansion f6).

As the subspace defined by E{7) is not
orthogonal, a metric tensor has to be used. How-
ever, this metric tensor can be orthogonalized
making the problem simples” and C’ are trans-
formed with the metric tensor. In the three-dimen-
sional orthonormal subspaceith x, coordinates,
w=1, 2, J it is possible to make another orthog-
onal transformation by diagonalizing,, or C,,,.

In this subspaceQ’ is maximized at a given
parameter valuex chosen such that the quadratic
approximation shall still be valida-chop, [5]).
After thatx, is transformed back to théf;) space
giving the next iteration. In this work the-chop
was realized by an algorithm which compared
directly the exact values fo§ and C and the
approximate values given by the quadratic approx-
imation. The relative deviations were always less
than 1073 .

The use of an entropy metric was proposed by
Skilling and Bryan[5] before reducing the search
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metric which introduces the following scale trans-
formation (around each iteration

1
8z;= —=9f;
i

9

is that the second derivative of the entropy given
by Eg.(6) becomes the negative of the unit tensor:

%S
aZ;aZj

(10

and transforms in the same way as the metric
tensor. In that cas€,, can also be diagonalized
in the subspace and the extremum problem
becomes simpler. Although we used the entropy
metric, this simplification does not occur for the
Shannon entropyas the second derivative of Eq.
(5) is not so simpl¢ and S, and C,, cannot be
diagonalized at the same time. Usually we diago-
nalizeds,, in the subspace but sometimes we met
the problem that one eigenvalue $f, turned out
to be small positive numbe(saddle point To
avoid this problem—though the iteration worked
well—an approximative second derivative was
used forS,. The first derivative of the Shannon
entropy is given by:
aS
of. (Infi—a/sn)/sn

where sp=Y"f, a=Y finf (11

Assuming thatsn and a are slowly changing
between subsequent iterations, the second deriva-
tive of S will be given approximately by:

11
snf

92S
of i Bf,

(12

This form transforms to a unit tensor in the
entropy metric. For the quadratic approximation,
usually Egs.(11) and (12) were used.

Having found the maximum solutiofx*) of O’
in the subspace for the given iteration, it has to be

to the subspace. One advantage of the entropytransformed back to the-dimensional amplitude
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space:

frew— fold} §f — foldy U.le e, ()x* (13)

(Here the entropy metric was taken into account.
In absorption kinetic problems, an additional
constraint may arise. If the absorption(s) is
related to an intermediate rate product which
appears and disappears during the prodesg.
the M intermediate in the BR photocygler A(r)
is the concentration of an intermediate, thea0
for t=0 andr— «. While the second condition is
satisfied by Eq(3), the first will give the follow-
ing constraint:

ny

—Y it (14)

Y £,=0

i=n1+1

We found that the MEM algorithm by itself can
not satisfy this constraint with enough precision.
It is interesting to examine the condition given by
Eq. (14). If we define a vector(or rather a
direction in the n-dimensional amplitude space
with the following components:

ie(i) = (15)

+1 if i>ny

then Eq.(14) can be written as a scalar product
in the n-dimensional space:
ie:f=0 (16)

It means that the solution of the problem should
be included in a(n—1)-dimensional hyperplane
orthogonal to the vectae

The iteration starts with a flat distribution which
satisfies Eq(14), but as the search for minimum
misfit and maximum entropy is iterated this con-
dition is soon spoiled. However, if in each succes-
sive iteration, the condition is successfully
maintained, then it remains to be valid throughout.
Combining Eqs(13), (14) and(16) this criterion
can be expressed by the following equation:

253
0=— fafiJr Z df,= i‘,ie(i)ﬁff
Y Y ieli) fre (D an

i=lp=1

Therefore, this condition is maintained if the
x* vector is chosen from a plane in the subspace
orthogonal to a vector, whose components are:

eg, = iie(z’)\;%e“(i) (18

i=1

since after the proper substitution E@L7) is
equivalent to:

3
Y egx*=0 (19)

w=1

Restricting the search directions to the plane of
the subspace orthogonal to thg vector automat-
ically satisfies the restriction condition throughout
the algorithm. It can also be se€Eq. (18)) that
the eg vector in the subspace is the projection of
the normal vectorje, to the hyperplane in the-
dimensional search space. In practice, an Euler
rotation was made in the subspace, which turned
one of the coordinate axeés®) into the eg direc-
tion and the search directions were restricted to
the (x%, x?) plane to fulfill Eq. (19).

3. Results and discussion

In order to test the algorithm described above,
we generated a set of gaussian data satisfying the
zero integral distribution condition with different
peak widths and random noise. The lifetime data
set was generated with 200 logarithmically uni-
form time steps from 10° to 0 ms. The first
half of this data set was the rise and the second
the decay distribution. The gaussians were nor-
malized with centres at 0.042 nsise) and 4.2
ms (decay, respectively. Four increasing width
Gauss distributions were generatgdf-°7s, 10°-1°,
10°3, 10°49. With the different width gaussians it
may be possible to simulate some effect of the
gaussian widening that may occur in real protein
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Fig. 1. The four generated lifetime distributions.

environments when proteins interact with their
neighbourhood or as a result of their own dynamic
fluctuations. The lifetime distributions were then
Laplace transformed to the appropriate time func-
tions and to each of them four different standard
deviation gaussian noises were addé&n-°0,
10°-905, 10091, 10°°). Some noise is always pres-

ent in any real measurements and also causes some

widening in the distribution. Our aim was to obtain
some information on the separability of these two
distribution-widening effects. Fig. 1 shows the
different lifetime distributions while Fig. 2 indi-
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0,30 - (b]) q

=
i
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T
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cates the effect of the added noise on the time Fig- 3. (&) Generated and resulting time functions compared.

functions. (Note that the lifetime distributions in
Fig. 1 satisfy Eq(3).)
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Fig. 2. The time functions of the distribution with peak widths
10°*% with the different amounts of added noise.

Circles correspond to the generated data the continuous line is
the MEM fit. The peak width of the generating gaussian was
10°°7® the standard deviation of the added nois€-%0(b).
Generated and resulting lifetime distributions compared. Cir-
cles correspond to generated data, the continuous line is the
MEM fit.

The generated absorption data were analyzed by
MEM. The results are shown in Fig. 3a and b and
Fig. 4a and b for two characteristic and limiting
cases. Fig. 3a shows the fit to a noisy absorption
data where the initial, generating lifetime distri-
bution is narrow. There is a strong widening effect
of the noise on the lifetime distributiotFig. 3b).

In the other case the starting lifetime distribution
is wide but the noise level is low. Fig. 4a shows
the MEM fit to the absorption data and Fig. 4b
shows the starting lifetime distribution and the
MEM result. The effect of noise here is almost
negligible and it can be seen that the MEM result
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increase of the added noise. The MEM iteration

M ' o ' o ' starts from a flat distribution. The initial flat
os @ | distribution has the largest possible informational
o entropy. It depends only on the number of the
;06_ | divisions on the logarithmic lifetime scal€S=
Pl In(n) in our case fornr=200 andS=5.3). The
§ sl | simplest kinetics can be described by two single
£ exponentialdone rise and one dechyits entropy
?joz | | is In(/2)=0.35. The expected information entro-
27 pies must lie in between depending on the peak
00k | width of the distribution. The effect of noise on
" ‘ ‘ . s [ the informational entropy content is complex. The
10 10 10" 10’ 10' 10° wider the distribution the smaller the increase in
Time (ms) the entropy caused by the noise. If a distribution
is narrow the same amount of added noise increas-
0.05 - (b) ‘ ' ' | es the entropy much stronger than if it is wider.

~ However, there is still some increase even with
7 | . the widest distribution. This means that it is easier
‘ to detect the effect of noise if the distribution is
! narrower and more difficult when the distribution
[ . is widened. This observation may give a tool for
at least some basic quantitative analysis of the
ootr / / \ T widening of the protein absorption kinetics due to
I— e p— the different environments. Although in itself the
- — - - X ) information entropy content is not enough to char-
1o 10 o 10 1o acterize the heterogeneity of the environmg2it
Hifetime (m) recording the data with different amount of inher-
Fig. 4. (a) Generated and resulting time functions compared. ent noise(using different amount of averaging

Circles correspond to the generated data the continuous line is May overcome this difficulty{17,1§.

the MEM fit. The peak width of the generating gaussian was
10°4® the standard deviation of the added nois€-%® (b).

Amplitude (a. u.)

e o o
=) = =y
»N (%) s

T T T

- A\*“'\L
e
JUPSSEe

T
s
v

Generated and resulting lifetime distributions compared. Cir- . . . . . . .
cles correspond to generated data, the continuous line is the

X 45F v
MEM fit.

[ v
. . . . . 5] 40F v )
is approximately gaussian, i.e. the MEM retains 2 v
the general shape of the starting lifetime distribu- = -
. . . . B InE A ise standar: sviation |
tion. Some deviation from the gaussian shape can * o oise standard deviation
be explained by the fact that gaussian is only a £ s
quadratic model of the MEM resuli.3]. &0 o
The result of the MEM analysis of the generated o, s 10

. . . . . 0.05
data is summarized in Fig. 5. From the starting 2°[ v 10
lifetime distribution (Fig. 1) we can calculate an s T 50 s o s
‘intrinsic’ entropy. The noise will increase this ’  tinsic ente ' '

ntrinsic entropy

intrinsic entropy and in the absorption ddtaig.

2) they ap_pear together- With generated data, in Fig. 5. The dependence of the entropy on the noise. Straight
contrast with real-time measurement, they can b€ |ine: entropy without noise calculated from the amplitude dis-
separated. Naturally, the entropy increases with the tributions (Fig. 1). Symbols: MEM results of the noisy data.
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protein heterogeneity. A thorough analysis is need-

' ' ' (a) ed to answer this question. Fig. 6b shows the
4. i lifetime distributions for three different averaging
] numbers. There are four broad, nearly gaussian
42t . peaks which are connected with the rise and decay
N R ] of the M intermediate state.
3 ol i The above view is also supported by the follow-
G " . ing considerations. If we describe the photocycle
Y . . o | of the BR with a first order kinetic model contain-
40r . . ] ing definite number of intermediates then the time
. 1 dependence of the intermediate concentrations can
3,9 L . . : . be calculated with the help of eigenvalues and
0 100 o200 eigenvectors of the matrikk matrix) determined
Averaging mumber by the rate constantd9]. Taking a kinetic model
0,020 . . . , ; ; [20] most accepted in the literature:
(b)
0.015 i kq k3 ks k4 kg ki1 k12
’ Averaging number: KelLa2M,2M,2N=20—-BR and N—BR
= e 955 ko2 ka ke kg k1o
\‘:, 0,010 —o— 11 7
E o the 12 rate constants can be determined by a fit to
§ 0,005 & . the experimental absorption change taken at dif-
% ferent wavelengths[20]. Using the K-matrix
0,000 L — approach the time dependence of the concentra-
l . . : ; . tions of the intermediate states can be given by a
L L sum of exponentials:
Time (ms)
Fig. 6. (@) The dependence of the entropy on the averaging C,(t)= Zcijequf‘;) (20)
number.(b) The lifetime distributions at various numbers of j=1
averaging.

Heren is the number of the intermediate states

As a test to the algorithm we tried its operation andk* are the eigenvalues of tkematrix (appar-
on BR M state(410 nm absorption kinetic data.  ent rate constantsand the ¢; parameters are
At this wavelength the rise and decay are separateddetermined by the initial conditions. This is the
and Eq.(3) is applicable(The data were recorded form which can be analyzed by MEMA remark
at 25°C and 7 mJ exciting laser energy at 532 nm has to be made here: TH&;) set uniquely deter-
wavelength, purple membrane in 100 mM phos- mines thek¥ eigenvalues but the opposite is not
phate buffer at pH 9. Absorption data were true. This makes the comparison of the MEM
recorded with increasing number of averaging and results and a given kinetic model more difficult.
analyzed by MEM. Fig. 6a shows the entropy in The determination of concentrations from absorp-
function of the averaging number in the range of tion kinetic measurements, without using some
1-256. The entropy decreases with the number of specific kinetic model, is not a straightforward
averaging(i.e. with decreasing noigend it levels problem. Only the M-state is an easier case where
off at approximately 4. This behavior is similar to the absorption change at 410 nm is approximately
the generated data resulFig. 5 for the case  proportional to the concentration of the (1, +
when the intrinsic entropy is rather high. We M,) intermediatel. As the concentrations of the
believe that this high intrinsic entropy is related to intermediate states can not be determined directly
the BR, it reflects protein dynamics afmt some from absorption kinetic measurements a MEM
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analysis should start at the beginning. Absorption

kinetic measurements at different wavelengths give ;| (a)
absorption changes during the photocycle function-

ally similar to Eq.(20) but not necessarily positive 0,08 | .
values (therefore Eq.(14) is not satisfied. Ana- £l

lyzing these absorption changes with MEM could ?096 i 7
yield thek;* eigenvalues and the amplitudes with- % oosl |
out any assumption for the kinetics and this result § =

can be compared with different kinetic models. éo,oz— |

For concentrations the rise and decay parts prob-
ably are separated in some cagegy. for the M 0,00 - .
state and the assumption made in E) is e l ' P

relevant. But for the general case of the absorption A A U
changes this is not valid and the restriction given Time (ms)
by Eg. (3) has to be removed. This generalization ool . . ! ‘ 1 ]
of the method is under work and the result will be T (b)
published elsewhere. 0,010 1
Using the rate constants given in RE2Q] for 0.008 - \ i
pH 9 and 25°C, Eq. (20) gives four significant 3 \\ :
exponentials for the MM =M, +M,) intermedi- g 0006 F l“‘ 1
ate. If we add a little noise to this curve and £ [ , ]
analyze it by MEM we get the result shown in 2 ‘\\ H :
Fig. 7a and b. As can be seen MEM gives similar % | }\ J\ A 1
discrete lifetimes for that case as the starting (00 I \ ‘ -
kinetic model. ” = =
As a conclusion we can say that if the concen- 0 0 0 mTime (m:) v " .

tration results from discrete lifetime distribution

MEM is able to determine the discrete apparent Fig. 7. (@ MEM fit (continuous ling to the concentration

rate constants. However, fitting to a measured determined by the kinetic modétircles). (b) Lifetime distri-

absorption change at 410 nm MEM gives a broad butions for the M state concentration given(&. (Dotted line:

(near|y gaussia)ndistribution (Fig. 6b). The life- starting kinetic model; continuous line: MEM fit.

times and amplitudes of the distribution correlate

well with the discrete lifetime amplitudes derived  In conclusion, the above results prove that the

from the kinetic model. MEM can be applied to absorption kinetic analysis.
Skilling and Bryan[5] introduced a test param- On generated data intrinsic and noise contribution

eter to check whether a real entropy maximum to the entropy can be separated, noise contributes

solution resulted. In that case the test parameteressentially to the entropy only in that cases when

should be close to 0. Our algorithm does not fulfill the rate distribution is narrow. In the special case

this criterion, as we get larger and varying values analyzed here by MEM for BR photocycle, the

for the test parameter. We believe that this is Proadening in rate distribution seems to be an

connected with the constraint given by Ed.4) intrinsic property related to the protein dynamics

and that the solution should lie in the lower ©OF heterogeneity.

dimension hyperplane. Lifting this constraint

improves the test parameter but the resulting rate Acknowledgments
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